The renormalization group (RG) approach to cosmology is an efficient method to study the possible evolution of the cosmological parameters from the point of view of quantum field theory (QFT) in curved space-time. In this work we continue our previous investigations of the RG method based on potential low-energy effects induced from physics at very high energy scales M X M P . In the present instance we assume that both the Newton constant, G, and the cosmological term, Λ, can be functions of a scale parameter µ. It turns out that G(µ) evolves according to a logarithmic law which may lead to asymptotic freedom of gravity, similar to the gauge coupling in QCD. At the same time Λ(µ) evolves quadratically with µ. We study the consistency and cosmological consequences of these laws when µ ≃ H. Furthermore, we propose to extend this method to the astrophysical domain after identifying the local RG scale at the galactic level. It turns out that Kepler's third law of celestial mechanics receives quantum corrections that may help to explain the flat rotation curves of the galaxies without the introduction of the dark matter hypothesis. The origin of these effects (cosmological and astrophysical) could be linked, in our framework, to physics at M X ∼ 10 16−17 GeV .
Introduction
The recent developments in physical cosmology have provided an astonishingly accurate picture of our universe, within the canons of the Friedmann-Lemaître-Robertson-Walker (FLRW) paradigm [1] . From these achievements emerged what has been called the cosmological concordance model, characterized by an essentially zero value of the spatial curvature parameter and a non-vanishing positive value of the cosmological constant (CC) term, Λ, in Einstein's equations -or in general of some form of dark energy (DE) that cannot be attributed to any form of matter and radiation. This new standard cosmological model supersedes and refutes (by many standard deviations) the old Einstein-de Sitter (or critical-density) cosmological model, which has been the standard cosmological model until recently. The latter is also a spatially flat model, but it is characterized by a zero value of the cosmological constant. Evidence for the values of the cosmological parameters within the new concordance model comes both from tracing the rate of expansion of the universe with high-z Type Ia supernovae (SNe Ia) experiments [2, 3] and from the precise measurement of the anisotropies in the cosmic microwave background (CMB) radiation [4, 5] . These experiments indicate that the value of the cosmological constant is around 
where Ω 0 Λ ∼ 70%. Here ρ 0 c ≃ 3.0 √ h 0 × 10 −12 GeV 4 is the present value of the critical density and H 0 = 100 h 0 km/s/Mpc, with h 0 = 0.72 ± 0.08, is the most precisely known value of Hubble's constant [6] . In the context of the Standard Model (SM) of electroweak interactions, the physical (measured) value (1) should be the sum of the vacuum CC term in Einstein's equations, Λ vac , and the induced contribution from the vacuum expectation value of the Higgs effective potential, Λ ind = V eff , namely Λ = Λ vac + Λ ind . Other contributions should be added within the SM, like those from QCD, but they are much smaller. It is only the combined parameter Λ that makes physical sense, whereas both Λ vac and Λ ind remain individually unobservable-see e.g. [7] for a more detailed explanation. From the current LEP numerical bound on the Higgs boson mass, M H > 114.4 GeV (at the 95% C.L.) [8] , one finds
, where v ≃ 246 GeV is the vacuum expectation value of the Higgs field. Clearly, |Λ ind | is 55 orders of magnitude larger than the observed CC value (1) . Such discrepancy, the so-called "old" CC problem [9, 10] , manifests itself in the necessity of enforcing an unnaturally exact fine tuning of the original cosmological term Λ vac in the vacuum action that has to cancel the induced counterpart Λ ind within a precision (in the SM) of one part in 10 55 . But the CC problem seems to be quite more general and it seems to plague all physical theories (QFT and string theory) making use of the concept of vacuum energy [9, 10, 11] . Moreover, all attempts to deduce the small value of the cosmological constant from a sound theoretical idea involve some explicit or implicit form of severe fine-tuning among the parameters of the model. This became clear already from the first attempts to treat the dark energy component as a dynamical scalar field [12, 13, 14] . More recently this approach took the popular form of a "quintessence" field slow-rolling down its potential [15] and has adopted many different forms [16, 17] . The main motivation for the quintessence models is that they could provide a variable dark energy. Although there is no compelling reason for a time evolving DE at the moment -and it is difficult to get an experimental handle on it [18] -it is even more difficult to accept (at least from the theoretical point of view) that the DE can be described by a static CC term in Einstein's equations with the small value (1) throughout most of the history of the universe, namely after the electroweak phase transition took place. An alternative possibility is to think of the DE as a time-evolving CC. This has been put forward from a purely phenomenological point of view in many places of the literature [19, 20] . However, a treatment of an evolving CC term from the more fundamental point of view of the renormalization group in QFT, with a direct link to Particle Physics, has been suggested only recently [21, 7, 22, 23] . The possible experimental consequences of this idea in the light of high-z SNe Ia data have also been tested in great detail in [24] (see also the framework and analysis of [25, 26] ). In the renormalization group method one takes the point of view that Λ should not be constant, because the quantum effects may shift away the prescribed value, even if the latter is assumed to be zero [21] . In this approach the equation of state for the DE is the one for the "true" cosmological term p Λ = −ρ Λ . Hence it is fundamentally different from all kinds of quintessence-like proposals, where the CC is assumed to vanish precisely and the role of the DE is played by some new entity with a nontrivial equation of state. In the RG approach the CC becomes time-evolving, or redshift dependent: Λ = Λ(z). Although we do not have a quantum theory of gravity where the running of the gravitational and cosmological constants could ultimately be substantiated, a semiclassical description within the well established formalism of QFT in curved space-time (see e.g. [27, 28] ) should be a good starting point. From the RG point of view, Λ becomes a scaling parameter Λ(µ) whose value should be sensitive to the entire energy history of the universe -in a manner not essentially different to, say, the electromagnetic coupling constant in QED or the gauge coupling constant in QCD.
While the RG method to tackle the CC problem has been used earlier [29, 30, 31] , the decoupling effects of the massive particles at low energies may change significantly the structure of the renormalization group equations (RGE) with important phenomenological consequences. This feature has been pointed out recently by several authors from various interesting points of view [22, 7] . However, it is not easy to achieve a RG cosmological model where Λ runs smoothly without fine tuning at the present epoch. In Ref. [23, 32] a successful attempt in this direction has been made, which is based on possible quantum effects near a high mass scale M X , not far away from the Planck scale M P , that are transferred (via soft decoupling) to the low energy physics. At the same time, the approximate coincidence of the observed CC and the matter density, Ω 0 Λ ∼ Ω 0 M (i.e. the "new" CC problem, or "time coincidence problem" [9, 10] ) can be alleviated in this framework [32] . Thus the RG cosmologies constitute a healthy alternative to the ad hoc quintessence models and are worth exploring 3 . In the present paper we generalize the RG approach developed in [7, 22, 23, 32] by including the possibility to have a running Newton's constant as well 4 . A fundamental question that we address here is the possibility to maintain the phenomenologically successful quadratic evolution law δΛ ∼ H 2 (emerging from an RGE of the form dΛ/d ln H ∝ H 2 ) as proposed in [7, 23, 32] , also in a G-running framework. This law is based on the assumption that the physical RG scale is defined by µ = H, the Hubble parameter. We will see that this Ansatz is consistent with the systematic RG scale-setting procedure proposed recently in [36] . In addition, the δΛ ∼ H 2 law is the only one among those that are consistent with this procedure which could have measurable phenomenological consequences. Therefore, it is of foremost importance to explore its phenomenological viability, in spite of the insurmountable technical difficulties encountered at present for an explicit calculation in QFT on a curved background [37] . In this sense it is remarkable that the quadratic law δΛ ∼ H 2 can also be motivated from very general arguments in QFT [38] which may go beyond the RG. No less appealing is that this quadratic law can further be claimed, at least heuristically, on the grounds of the so-called Holographic Principle (HP) applied to effective field theories [39] . In fact, by linking IR and UV scales through entropy bounds, the HP may provide essential ingredients to relate the microscopic world of Particle Physics and the large scale structure of the Universe 5 .
A main result of this paper is that the adoption of that quadratic law will lead us to an alternative cosmological RG framework to that presented in Ref. [23, 32] , keeping though all the nice phenomenological features of the latter, however with the distinctive property of having a (logarithmically) running gravitational constant. This last property endows the new cosmological model with potentially far-reaching phenomenological implications both at the cosmological and astrophysical level which will be explored in some detail in this paper. The structure of the paper is as follows. In the next section we introduce a few general features of the cosmological models based on variable G and Λ. In Section 3 we provide some general discussion of the RG cosmological models. The consistency of the RG scale setting in cosmology is discussed in Section 4. In Section 5 we focus on the cosmological model presented here, characterized by a logarithmic running of G and a quadratic running of Λ. The numerical analysis of this model is presented in Section 6, where we also show the predicted deviations from the standard FLRW expectations. In Section 7 we narrow down the applicability of this RG cosmological model to the astrophysical domain by considering the possibility to attribute the origin of the flat rotation curves of the galaxies to a RG quantum correction to Kepler's third law of celestial mechanics. We close with some final discussion in the last section, where we draw our conclusions.
Variable G and Λ cosmologies
The cosmological constant contribution to the curvature of space-time is represented by the λ g µν term on the l.h.s. of Einstein's equations. The latter can be absorbed on the r.h.s. of these equations
where the modifiedT µν is given byT µν ≡ T µν + g µν Λ. Here T µν is the ordinary energymomentum tensor associated to isotropic matter and radiation, and the new CC term Λ = λ/8π G ≡ ρ Λ represents the vacuum energy density. Modeling the expanding universe as a perfect fluid with velocity 4-vector field U µ , we have
where p is the proper isotropic pressure and ρ is the proper energy density of matterradiation. Clearly the modifiedT µν defined above takes the same form as (3) with ρ → ρ = ρ + Λ and p →p = p − Λ. With this generalized energy-momentum tensor, and in the FLRW metric (k = 0 for flat, k = ±1 for spatially curved, universes)
the gravitational field equations boil down to Friedmann's equation
and the dynamical field equation for the scale factor:
The measured CC is the parameter Λ entering equations (5) and (6) , which are used to fit the cosmological data [2, 3] . Let us next contemplate the possibility that G = G(t) and Λ = Λ(t) can be both functions of the cosmic time. This is allowed by the Cosmological Principle embodied in the FLRW metric (4) . Then the Bianchi identities imply that ▽ µ GT µν = 0, and with the help of the FLRW metric a straightforward calculation
This equation just reflects the purely geometric Bianchi identity satisfied by the tensor on the l.h.s. of Einstein's equations (2) in terms of the physical quantities (energy densities, pressure and gravitational coupling) on its r.h.s. It is easy to check that (7) constitutes a first integral of the dynamical system (5) and (6) . However, this general constraint on the physical quantities is too complicated in practice, and it is difficult to understand it on physical grounds because it does not generally lead to a local energy-momentum conservation law. Let us consider some simpler cases. The simplest possible case is when both G and Λ are constant. When G is constant, the identity above implies that Λ is also a constant, if and only if the ordinary energy-momentum tensor is individually conserved (▽ µ T µν = 0), i.e.ρ
However, a first non-trivial situation appears when Λ = Λ(t) but G is still constant. Then a first integral of the system (5) and (6) is given bẏ
This result is simpler than (7), and has the advantage that it can still be interpreted as a physical conservation law. The conserved (total) energy density here is the sum of the matter-radiation energy density, ρ = ρ M + ρ R , plus the dark energy density embodied in ρ Λ ≡ Λ. Of course ρ M includes the contribution from the purported cold dark matter (CDM), which should be dominant. Alternatively, using the metric (4) one may derive (9) directly from ▽ µT µν = 0, as this is obviously a particular case of (7). This possibility shows that a time-variable CC cosmology may exist such that transfer of energy occurs from matter-radiation into vacuum energy, and vice versa. From the point of view of general covariance there is no problem because the latter is tied to the conservation of the full energy-momentum tensor, which in this case isT µν rather than T µν . We remark that while the decay of the vacuum energy into ordinary matter and radiation could be problematic for the observed CMB, the decay into CDM could be fine [16, 41] . The detailed analysis of a time-variable CC cosmology in the light of high-z SNe Ia data carried out in Ref. [24] was precisely based on this framework.
In this paper we make a step forward by entertaining the possibility that G can also be a function of the cosmic time, G = G(t), together with Λ = Λ(t). Although we have seen that the most general case should fulfill the general constraint (7), we still want to keep the usual matter-radiation conservation law (8) as this represents the canonical (i.e. the simplest) cosmological model with variable G and Λ possessing a physical conservation law. In this model there is no transfer of energy between matter-radiation and dark energy. However, the time evolution of Λ is still possible at the expense of a time varying gravitational constant. Indeed, it is easy to see that in this case the following (hereafter called canonical) differential constraint must be satisfied:
Again this is a particular case of (7) . The solution of a generic cosmological model of this kind with variable G and Λ is contained in part in the coupled system of differential equations (5), (8) and (10), together with the equation of state p = p(ρ) for matter and radiation. However, still another equation is needed to completely solve this cosmological model in terms of the fundamental set of variables (H(t), ρ(t), p(t), G(t), Λ(t)). Many relations have been proposed in the literature from the purely phenomenological point of view [19, 20] . In the next section we discuss the possibility that the fifth missing equation is a relation of the form Λ = Λ(H). Most important, we will motivate this relation at a fundamental QFT level, specifically within the context of the renormalization group in curved space-time, and then discuss the possible form of the associated RG evolution law for the gravitational constant.
Renormalization group cosmology
Following the approach of [7, 22, 23, 32] we describe the scaling evolution of Λ by introducing a renormalization group equation for the cosmological constant. The connection between scaling evolution and time evolution is to be made in a second step. From dimensional analysis, and also from dynamical features discussed in the aforementioned references, the RGE may take in principle the generic form
Here µ is the energy scale associated to the RG running. Furthermore, in a RG cosmology with a time-evolving G we expect a RGE for G as well. This is best formulated in terms of G −1 as follows:
It will prove convenient for further reference to introduce the integrated form of these equations:
Coefficients A n , B n , C n and D n in these formulas are obtained from a sum of the contributions of fields of different masses M i . The r.h.s. of (11) and (12) define the β-functions for Λ and G −1 respectively, which are functions of the masses and in general also of the ratios between the RG scale µ and the masses. For µ ≪ M i , the series above are in principle assumed to be expansions in powers of the small quantities µ/M i [7, 22] . However, the possibility to extend the analytical properties of some of these expansions will be discussed later. We assume that µ is of the order of some physical energy-momentum scale characteristic of the FLRW cosmological setting, and can in principle be specified in different ways. In the Λ-running framework of [7] , it was assumed that µ is given by the typical energy-momentum of the cosmological gravitons of the background FLRW metric. This suggests we can set µ ≃ H (Hubble parameter), which is of the order of the square root of the curvature scalar in the FLRW metric, µ ∼ R 1/2 .
In the cosmological applications, e.g. when considering the evolution of the present universe, we are going to keep the Ansatz µ ≃ H. We will claim that it is a sound RG scale-setting also for a framework based on running Λ and G. The consistency of this choice will be discussed in Section 4 in the light of the scale-setting procedure devised in [36] . For the moment we observe that, within the µ ≃ H Ansatz, the RGE (11) above defines a relation of the type Λ = Λ(H), and therefore provides the fifth equation suggested at the end of the previous section, needed to solve the cosmological model. At the same time Eq. (12) defines a relation of the sort G = G(H). Obviously these two functions of H cannot be independent, for the Bianchi identity imposes the differential constraint (10) in which ρ = ρ(t) is a known function obtained after solving (8) -once the equation of state p = p(ρ) for matter and radiation is specified. Put another way: consistency requires that the two expansions (11) and (12) ought to be interconnected via the differential constraint (10) , so that if one of the expansions is given the other can be retrieved from the Bianchi identity. For example, in Ref. [23] we suggested the following specific form for the RGE (11)
with µ = H. Here we have defined the effective mass parameter
and σ = ±1 indicates the sign of the overall β Λ -function, depending on whether the fermions (σ = −1) or bosons (σ = +1) dominate at the highest energies. The form (14) for the RGE is based on the leading participation of the heaviest possible masses M i in the expansion. These masses could arise e.g. from some Grand Unified Theory (GUT) whose energy scale M X is just a few orders of magnitude below M P . The form (14) results from truncating the series (11) at n = 1. The term n = 0, corresponding to contributions proportional to M 4 i , must be absent if we want to describe a successful phenomenology [23, 24] . Actually, from the RG point of view it is forbidden because in the physics of the modern Universe we probe a range of energies where µ is always below the superheavy masses M i . In addition, dimensional analysis and dynamical expectations tell us that the remaining terms are suppressed by higher powers of µ/M i [7, 22, 23] . In the absence of experimental information, the numerical choice of σ M 2 is modeldependent. For example, the fermion and boson contributions in (11) might cancel due to supersymmetry (SUSY) and the total β-function becomes non-zero at lower energies due to SUSY breaking. Another option is to suppose some kind of string transition into QFT at the Planck scale. Then the heaviest particles would have masses comparable to the Planck mass M P and represent the remnants, e.g., of the massive modes of a superstring. The obvious motivation for this RG scenario [23, 32] is that the r.h.s. of (14) is of the order of the present value of the CC. To assess this in more detail, let us integrate Eq. (14) straightforwardly. We find an evolution law for Λ which is quadratic in µ and can be expressed, with the help of the notation (13), as follows:
where
Within our Ansatz for the RG scale, µ 0 stands for the present day value of the Hubble parameter, H 0 , and the coefficient ν is essentially the ratio between the squares of the effective GUT mass scale M and the Planck scale up to σ = ±1, depending on whether bosonic or fermionic fields dominate in the mass spectrum below the Planck scale:
This parameter was first defined in Ref. [23, 24] . Irrespective of the precise meaning of ν in the context of QFT in curved space-time, the latter reference suggested also how to use ν to parametrize deviations of the evolution laws from the standard FLRW cosmology 6 .
Equation (16) is normalized such that Λ takes its present day value Λ 0 for µ = µ 0 . The highest possible value of the heavy masses M i is M P , and therefore we typically expect that the effective mass (15) is of the same order. However, due to the multiplicities of the heavy masses, we cannot exclude a priori that M > M P . To be conservative we will take
as the typical value of ν, corresponding to M = M P . A very nice feature of this RG picture for Λ is that its evolution, being smooth and sufficiently slow in the present Universe, may still encapsulate non-negligible effects that could perhaps be measured 7 .
In fact, the predicted rate of change of Λ (in other words, the value of its β-function) at µ = H 0 is of order of Λ 0 itself:
In contrast, at the earliest times when H ≃ M P , the same RGE predicts a CC of order Λ ∼ M 4 P , which again is a natural expectation. If we define the energy scale E Λ (t) ≡
6 See e.g. Eq. (4.11)-(4.14) of [24] and discussions therein. Recently, this purely phenomenological point of view has been re-taken in [42] where a similar parameter is called ǫ (= 3 ν).
7 One could not achieve this extremely welcome pay-off if using RG scales other than µ ∼ H (e.g. µ ∼ ρ 1/4 ) and particle masses of order of those in the SM of particle physics. One unavoidably ends up with fine tuning of the parameters. See the detailed discussions in [7, 22] .
Λ(t)
1/4 associated to the vacuum energy density ρ Λ ≡ Λ at any given moment of the history of the Universe, the RGE above may explain [23, 32] why the millielectronvolt energy associated to the present value Λ 0 happens to be the geometrical mean of the two most extreme energy scales in our Universe, H 0 ∼ 10 −42 GeV (the value of µ at present) and M P ∼ 10
19 GeV :
Amusingly this is also the order of magnitude of another, independent, cosmic energy scale: the one associated to matter density,
M (t). Assuming k = 0 and Λ = 0 in Friedmann's equation (5), the energy scale associated to the matter density at present is seen to be
Remarkably the dark energy scale (21) associated to our RG cosmological framework coincides with the matter density scale defined by Friedmann's equation at t = t 0 , and therefore it helps to explain the so-called "coincidence problem" [10] , one of the two fundamental conundrums behind the cosmological constant problem.
A value of ν of order of 10 −2 − 10 −3 somehow suggests that there might be some physics just 2 orders of magnitude below the Planck scale, i.e. around 10 17 GeV . This would be indeed the mass scale of the heavy masses M i if we assume some multiplicity of order 100 in the number of the heaviest degrees of freedom in a typical GUT. To see this, rewrite (18) with ν = 10 −3 as
Then if we assume M i = M X , c i ∼ 1 for all i, it follows that
Therefore, there is the possibility that the origin of this RG cosmology could bare some relation to physics near the SUSY-GUT scale.
From the previous considerations we realize that the models based on the RG evolution of Λ could be serious competitors to e.g. quintessence models (and generalizations thereof) to account for some of the fundamental issues behind the multifarious cosmological constant problem [9, 10] , and moreover they are also testable in the next generation of high-z SNe Ia experiments (such as SNAP [43] ) -as has been demonstrated in great detail in [24] . The RG cosmological model analyzed in the last reference, although it constitutes a running Λ model, is a fixed-G model. In contrast, the RG model under consideration aims at preserving the virtues of the quadratic law (16) for the Λ evolution (i.e. the rich phenomenology potential unraveled in [24] ) while allowing for a simultaneous evolution of the gravitational constant, G. This may add distinctive features and new phenomenological tests to be performed. Obviously it is important to analyze this possibility in order to distinguish between these two RG cosmological models and also to fully display the power of the RG approach versus the other dark energy models [10] .
On the RG scale-setting procedure in cosmology
In this section we consider the consistency of the RG scale choice in certain problems related to the cosmological framework. Specifically, we discuss the consistency of our choice µ ≃ H for the application to the large scale cosmological problems along the lines of the procedure recently proposed in [36] . In the next two sections we shall concentrate on the construction of a cosmological model based on the RG approach, and only in the last part of our work we will try to extend these methods to the local (galactic) domain. Let us commence with the scale setting at the cosmological level. Starting from the canonical constraint (10) we trade the cosmic time for a generic scale parameter µ (without specifying its relation to physics at this point), and rewrite it in the following way [36] :
Obviously, the matter-radiation energy density ρ is the only parameter which can not be defined as a function of µ directly because it is unrelated to the RG in the first place. However, since G and Λ are primarily functions of µ in the RG framework, the differential constraint (24) can be used to eventually define ρ as a function of µ . If dµ/dt = 0, it is easy to check that we can isolate ρ as follows:
This scale-setting algorithm defines a relation ρ = f (µ) between the cosmological data, represented by ρ, and the scaling functions of µ. Under appropriate conditions, this relation can be inverted to find µ as a function of the external data: µ = f −1 (ρ). Since this function has been determined by the Bianchi identity, it should define a valid set of RG scales for cosmology. In other words, the specific scale µ to be used in cosmology should be chosen among the class of (potentially multivalued) functions obtained by this procedure under the condition that the scale so obtained is positive-definite and is a smooth function of the cosmological parameters. Further (physical) criteria may be needed to ultimately select one particular function within this class.
Assuming that this is a valid method to define the RG scale, we are now in position to develop a scenario with simultaneous running of the parameters G and Λ in which the choice µ ≃ H is compatible with the aforementioned scale-setting procedure. To realize this scenario we stick to our RGE for Λ as given in (14) -hence to the quadratic running law (16) -and we seek for a suitable RGE for G −1 . It cannot be an independent equation once the RGE for Λ has been established. Therefore, this restriction provides a method to hint at possible forms for the RGE (12) compatible with the canonical constraint (10) . For example we could start with an expansion akin to that in Eq. (3.1) of [24] for Λ:
Since the cosmological RG scale µ is assumed to be very small for the present universe, and the series is supposed to be convergent, we expect that the first term in this expansion is the crucial one and the remaining terms are inessential. Indeed, selecting the first term we are led to a RGE of the type
Consider now the generic expansions (11)- (13) for Λ and G −1 . In particular notice the following relations among the coefficients for n = 0:
where µ 0 is the normalization point corresponding to the t = t 0 moment of time. The coefficients (28) play a role in computing explicitly the r.h.s. of (25) . In particular notice that A 0 = 0, to be consistent with (17)(cf. Ref. [23] ). Also important is that the scale derivative of D 0 is non-vanishing,
Here we have used B 0 = 2 ν M 2 P = σ M 2 /6 π as seen from (27) and (18). This result shows that G −1 is actually non-analytic at µ = 0, a fact to which we shall return later. With these relations in mind, a straightforward calculation of the r.h.s. of Eq (25), using the expansions (13), leads to
where we have assumed the convergence of all the series and therefore we neglect the higher order terms in µ. Next we substitute the coefficients (17) in (30) and use the fact that D 0 ≃ M 2 P . Irrespective of the sign σ = ±1, the resulting equation determining µ is amazingly simple:
where the last equality makes use of Friedmann's equation (5) in the flat case. Our starting Ansatz µ = H is, therefore, explicitly borne out within the criterion defined by Eq. (25) (q.e.d.). The previous proof relies on the expansions (11)-(13) advocated in the literature [7, 22, 23, 36] . Notwithstanding, this does not exhaust the list of possibilities made available to us by the Bianchi identity in the canonical form (10) . It is still possible to extract the same phenomenology if we make allowance for an extended RGE for G beyond an expansion in (integer) powers of the small parameters µ/M i . Then other (non-analytic) contributions may arise. We shall discuss this possibility along the second part of the next section. 5 A cosmological model with logarithmic running of G and quadratic running of Λ
In the previous section we have established an scenario where the choice µ ≃ H is a consistent scale setting for cosmological considerations. Let us use this RG framework and let us apply it to a spatially flat Universe, i.e. k = 0 in Eq. (5). This situation is not only the simplest one, but it corresponds (as already mentioned in the introduction) to the preferred scenario in the light of the present data from distant supernovae and the CMB. Moreover, the k = 0 Universe already captures all the main traits of the new RG cosmology with variable G without introducing additional complications related to curvature. By collecting Friedmann's equation, the quadratic RG evolution law for Λ, and the (canonical) differential constraint imposed on the functions G(t) and Λ(t) by the Bianchi identity, we can set up the system:
This system can be immediately solved for the function G = G(H; ν) depending of the parameter ν, with the result
In this way we have obtained explicitly the corresponding running law for G as a function of the RG scale µ = H. From this law we learn that for ν > 0 the gravitational constant G decreases logarithmically with H, hence very slowly, which is an extremely welcome feature in view of the experimental restrictions on G variation (see later on). Such a decreasing behavior with the cosmological energy scale µ = H is equivalent to say that the law that we have obtained nicely corresponds to an asymptotically free regime for ν > 0, much in the same way as the strong coupling constant in QCD. In addition, we discover that the parameter ν defined in (18) plays essentially the role of the (dimensionless) β-function for G. Finally, we note that the function (33) is non-analytic, which was expected from a remark made in Section 4.
Consistency with the Bianchi identity requires that Eq. (33) must be the solution of the RGE (12) for G −1 . To check this, we note that in leading order the last equation boils down to Eq. (27) . Integrating this equation under the boundary condition G(µ = µ 0 ) = G 0 we immediately recover Eq. (33), as desired. Had we ignored the first term in (26) and assumed that the first leading contribution comes from the second term (i.e. the one proportional to µ 2 = H 2 ) we would have obtained
instead of (33) , where ζ is a dimensionless coefficient. But this would be a disaster from the phenomenological point of view, because if we substitute (34) in (10) and integrate the resulting equation, the following evolution law for the CC ensues:
Although this quartic law is -as the quadratic one (16)-smooth and mathematically possible, it leads to absolutely no phenomenology due to the smallness of the Hubble parameter at the present time: H 0 ∼ 10 −42 GeV . Therefore, it is clear that only if the first term of the r.h.s. of (26) is non-vanishing it is possible to meet the logarithmic law (33) for G and the quadratic law (16) for Λ. This combination of RG laws is the only one compatible with the canonical constraint (10) that may lead to a cosmological model with a rich phenomenology comparable to the model presented in [23, 24] .
A remark is now in order. As the reader could readily notice, by admitting that the first term of the r.h.s. of (26) is non-vanishing, we are departing from the decoupling theorem [45] and assume the non-standard form of decoupling for the parameter 1/G. In order to justify this departure from the canonical form of decoupling, let us remember that the attempt to derive the gravitational version of the decoupling theorem [37] was successful only in that sector of the gravitational action which is available in the linearized gravity framework. In the cases of Λ and 1/G the explicit derivation of the decoupling law requires a new technique of calculation which should take the non-trivial and dynamical nature of the metric background into account. In the actual phenomenological approach it is primarily the Bianchi identity (rather than the decoupling theorem) that decides about the evolution of G once the evolution of Λ has been ordered. In this sense, the final structure for the RGE of G can be of the form (14) even if this does not fulfill the standard expectations from the decoupling theorem. This uneven status between the two parameters can be understood on physical grounds, in the sense that the ultimate origin of G and Λ and their role in defining the background geometry may be essentially different. Λ can be viewed as a small parameter in QFT: this can be technically implemented by allowing for a fine-tuning of the renormalization condition for the vacuum counterpart of the cosmological term -see the Introduction. At the same time the situation with 1/G is quite different. For example, it could be that the Planck mass is not only some threshold scale for the quantum gravity effects but, after all, a real mass. One can imagine that the non-perturbative phenomena of quantum gravity are involved to generate this scale and then the standard decoupling law (which is essentially a perturbative result) would not apply to the parameter 1/G.
We shall finish this section by presenting additional arguments concerning our choice for the identification of the scale parameter µ with the Hubble parameter H at low energies. These arguments do not look superfluous in view of the distinct choices for µ which one can meet in the existing literature [21, 7, 22, 23, 25, 36] . If one allows for some generalization of the expansions (13), it may have an impact on the scale setting.
It is thus advisable not to assume a priori the result µ = H derived in (31), although we want to show that under certain conditions we can also retrieve a similar scale setting. On physical grounds we cannot exclude a priori the presence of non-perturbative and/or non-local effects in the far IR [44] . Whereas at higher energies the behavior of G(µ) −1 is influenced by the higher powers of µ in (13), the running in the present day Universe is controlled by the first coefficient B 0 in (12), which in turn leads to a non-analytical behavior of D 0 = D 0 (µ) as a function of µ in the series (13) . In other words, at the present IR energies the expansion G −1 in powers of µ may not be a pure Taylor expansion. Baring in mind these considerations, let us generalize the picture as follows. Assume that in the far IR the expansions (13) take contributions of the form
where we assume arbitrary coefficients a 0 , b 0 , a 1 , b 1 and arbitrary exponents α, β, which can be smaller than one. From these general expressions we may compute the corresponding RG scale following from (25) . At the end of the calculation we encounter the result:
This example already shows that even in relatively simple situations it may be difficult to find the explicit relation µ = f −1 (ρ) mentioned in Section 4. It also shows that the scale setting µ ≃ H will not always be possible. And, most important, it also helps us to find situations when it is actually possible. Indeed, let us consider a generic case where the RGE for G −1 takes terms of the form
For any γ > 0 (integer or not) this expression does respect the decoupling theorem, in contrast to (26) . By integrating (38) we are led to an expression for G(µ) −1 as in (36), with
Together with (38) let us assume that the Λ-scaling law is given by (36) with α = 2. Then in the limit γ ≪ 1 (hence β ≪ 1) we may solve approximately Eq. (37) for the RG scale, and we find
In deriving this formula we have used: i) the explicit form of the coefficients in Eq. (39); ii) a 0 = C 0 ≃ Λ 0 and a 1 = µ 2 0 C 1 , which follow after comparing (36) with (16)- (17); iii) β b 1 ≃ 2ν M 2 P , which holds in the limit γ ≪ 1. We have thus met again the scale µ ≃ H. We see that it can be obtained within the more generic class of RGE's for G of the form (38) in the limit of small γ (corresponding to an effective logarithmic behavior), and when the cosmological term evolves quadratically with µ, i.e. α = 2 in (36) . This more general analysis may suggest the following interpretation. Recall that the cosmological domain has a natural finite size, which is defined by the largest cosmological distance where we can perform physical measurements and where all quantum fluctuations remain confined [38] : to wit, the horizon d h ∼ 1/H. The energy scale associated to the horizon is precisely our running scale µ = H. We do not consider graviton momenta below this scale. The underlying effective action may develop an IR tail of non-analytic contributions related to non-perturbative and/or non-local effects that cannot be described by a pure Taylor expansion. We have modeled this possibility with a RGE for G of the form (38) with small γ. In general we expect non-analytic effects also for the local systems at, say, the galactic scale, which are always finite-sized by definition -see more details on this matter in Section 7.
In summary, in this section we have shown that the quadratic law (16) for Λ and the logarithmic law (33) for G are a pair of RG scaling laws that can be consistently formulated in terms of the scale µ = H. This is tantamount to say that these running laws G = G(µ) and Λ = Λ(µ), when formulated in terms of µ = H, can be consistently transformed into time-evolving functions G = G(t) and Λ = Λ(t) that satisfy the original (time-dependent) canonical differential constraint (10) reflecting the Bianchi identity of the Einstein tensor. Furthermore we have seen that the RG scale for these laws can be derived from the recipe (25) either by assuming the expansion (12) with B 0 = 0 as the leading coefficient, or from the exponential form (38) in the limit of small γ; in both cases it amounts to a logarithmic behavior of G = G(µ). As we have advanced in Section 3, a quadratic law for Λ is very important for potential phenomenological implications. In the following section we explore some of these implications for cosmology, together with the new feature introduced by the logarithmically varying gravitational constant.
Numerical analysis of the RG cosmological model
The RG cosmological model under consideration is based on the system of equations (32) and the ordinary conservation law (8) for matter and radiation. While the solution has already been exhibited in the form G = G(H; ν), Λ = Λ(H; ν) in Section 5, we want to present also the solution in terms of the redshift variable, z = (a 0 − a)/a, following a procedure similar to [23, 24] . This is specially useful for phenomenological applications, in particular to assess the possibility that this model can be tested in future cosmological experiments such as SNAP [43] . Therefore, we look for the one-parameter family of functions of the variable z at a given value of ν:
We are going to analyze first in detail the solution (41) for the present (matter-dominated) universe, where ρ = ρ M , ρ R ≃ 0, and then make some comments on the implications for the nucleosynthesis epoch. In contradistinction to the cosmological model discussed in [23, 24] , the functions (41) cannot be determined explicitly in an exact form. However, an exact implicit function of the type F (G(z; ν), ρ M (z); ν) = 0 can be derived after integrating the differential equations. For the matter-dominated epoch the result reads
The value of the gravitational constant and the matter density at present (z = 0) are G 0 and ρ 0 M respectively, ρ 0 c being the critical density. We may check that (42) is satisfied by g(0; ν) = 1 for any ν, as it could be expected. The expression (42) defines implicitly the function g = g(z; ν), and once this is known the other cosmological function Λ = Λ(z; ν) is obtained from
Obviously this satisfies Λ(0; ν) = Λ 0 for any ν, as it could also be expected. Although the explicit analytic form cannot be obtained for arbitrary ν, it is possible to derive an explicit result for small ν ≪ 1 within perturbation theory. This situation actually adapts very well to the theoretical expectations on ν based on effective field theory arguments [7, 23] . However, there are also phenomenological reasons, mainly from nucleosynthesis [23, 24] and also from the CMB and LSS [42, 46] , leading to the same conclusion 8 . Expanding the exact formulae above up to first order in ν we may compute the relative correction to the gravitational constant: (5) with k = 0. For ν > 0 (resp. ν < 0) the gravitational constant was smaller (resp. higher) in the past as compared to the present time. This was already patent from Eq. (33) when we remarked that, for ν > 0, G becomes an asymptotically free coupling, which means that at higher energies (i.e. when we look back to early times) the coupling becomes smaller. Similarly, the explicit result for Λ(z; ν) can be cast, to first order in ν, as follows:
For convenience we have expressed the result in terms of the relative deviation of Λ(z; ν) with respect to the present value Λ 0 , in order to better compare with Ref. [23, 24] . Amazingly, to first order in ν, the cubic law (46) is identical to the one obtained in the latter references where a RG cosmological model with variable Λ and fixed gravitational constant was considered. This means that the promising phenomenological analysis made in [24] concerning the redshift dependence of the cosmological constant remains essentially intact. Let us, however, mention that the two models depart from one another to second order in ν. For the model under consideration we find To first order in ν we recover equation (46) , and moreover we see that δ Λ (0; ν) = 0 for any ν, as it should be.
The previous (approximate) results are confirmed and refined through a numerical analysis of the exact formulas (42)- (44) . We take as representative values of ν some multiples of the typical value ν 0 , Eq. (19) . Specifically, we consider the six cases with different signs represented by the ν-data row:
The results are presented in Fig. 1 and 2 for the standard values of the cosmological parameters [2] : Ω 0 M = 0.3, Ω 0 Λ = 0.7. Specifically, in Fig. 1 we plot the exact function G = G(z; ν) for the six values of ν listed above. Similarly, in Fig. 2 we plot the function Λ = Λ(z; ν) for the same values of the ν parameter. We have verified these results also by direct numerical solution of the differential equations using Mathematica [47] . By looking at Fig. 1 we may read off the relative correction δ G on G. We see, for example, that significant corrections δ G ≃ −5% are predicted at redshift z = 1.5, if ν ≃ ν 0 . Furthermore, for the same values of ν and z, we find δ Λ ≃ 16% (cf. Fig. 2) . This correction to Λ should be perfectly measurable by SNAP [43] . Recall that this experiment aims at exploring cosmological depths up to z = 1.7, and that other experiments are planning to go even beyond (including the HST) [48] .
We should point out that cosmological corrections to G of a few percent at high redshifts are not in contradiction to present bounds on the gravitational constant [49, 50] . The reason is that the existing bounds are "local", i.e. at the scale of the Solar System, so that they do not provide any information on possible variations of G at cosmological distances. Actually it is difficult to measure the correction δ G at the cosmological level, at least in the present matter-dominated epoch. There is no direct way to measure G at distances of hundreds to thousand Megaparsecs, unless we re-interpret the observed cluster dynamics in terms of G variation on a cosmological level, rather than in terms of CDM. We will further elaborate on this kind of idea in the next section, but restricting ourselves to the more familiar galactic domain. On the other hand, if we extrapolate back our running formula for G to the radiation epoch we might expect to find some additional information. Particularly relevant is the nucleosynthesis epoch (z ∼ 10 9 ). Performing the 4 , we find that for ν of order 10 −2 the relative variation δ G lies within the limits set by the latest analyses on G variation at nucleosynthesis, which give a margin of ∼ 40% at the 95% C.L. [51] Thus the existing nucleosynthesis limits placed on ν, based on considerations on Λ variation alone [23, 24] , are essentially unchanged.
7 A possible application of the RG to the flat rotation curves of galaxies
In this section we speculate on the possibility to apply similar RG methods to the more restricted astrophysical domains, such as the galactic scales. While we have seen that it is difficult to measure the correction δ G at the cosmological level, let us explore the possibility to measure local variations of the gravitational constant (induced by the RG) at the level of a typical galaxy, and extract some potential consequences concerning the origin of the flat rotation curves in its halo -usually associated to the presence of undetected CDM [1] 9 .
Here again the main question is to identify the scale of the RG. It can no longer be µ ≃ H because measurements within our galaxy are not cosmological measurements, just astrophysical measurements. Indeed, H does not change on the scale of a galaxy (a bound system!). However, if G varies according to some RGE, there must be some new order parameter for the local RG scale. For simplicity let us treat the galaxy as a central core surrounded by a spherically symmetric mass distribution. Then, from simple dimensional arguments we may assume that the appropriate RG scale for the galactic dynamics is 9 We point out that previous attempts exist in the literature to use the RG to explain the flat rotation curves of galaxies [52] . However, these old papers are based on the RGE of higher derivative theories of gravity, where the flow equations for both Λ and G are gauge-fixing dependent and therefore ambiguous.
given by
where κ is some (dimensionless) constant and r is the radial distance (in the "renormalized metric", see below) measured from the center of the galaxy. If we assume that the renormalization effects from the RG are small enough (after all they cannot change dramatically the Newtonian picture), we may take r as the standard radial coordinate in classical celestial mechanics. Notice that µ can never go smoothly to zero because r is bounded from above. This means that at the galactic level we do not expect that the corresponding expansion G(µ) −1 in (13) is analytic near µ = 0 because the system is intrinsically finite-sized. However, by artificially extending the size of the local system we expect that the same IR behavior of the cosmological case mentioned in Section 5 should be encountered. This provides a connection between the two regimes (local and cosmological) that can be used to establish the consistency of the RG application to the local case. The Ansatz (49) obviously implies that spatial gradients of G (and may be also of Λ) are allowed. It should be clear that this is not in conflict with the Cosmological Principle because the latter applies to the Universe in the large, not to local systems such as galaxies or clusters of galaxies 10 . Although the Ansatz (49) is plausible, we may try to motivate it from the point of view of the scale setting procedure (25) . Strictly speaking, the latter has been rigorously formulated only for the transition from the cosmic time evolution to scale evolution. However, given the fact that at very large scales r is of order of the horizon, 1/H, we see that with the hypothesis (49) the original scale setting µ ≃ H is consistently met on cosmological scales. Consider the typical density profile for flat rotation curves:
In the case of our galaxy, r 0 may represent the "local" position (at the galactic scale) of our Solar System, where the gravitational constant is supposed to be G 0 essentially everywhere, and ρ 0 is the average density of the galaxy well before reaching the halo regime. Clearly ρ(r) → ρ 0 for r ≪ r 0 whilst ρ(r) falls off as 1/r 2 for r ≫ r 0 . This behavior is exactly what is needed to have a linear growth of the galactic mass deep in the halo region,
and therefore a constant rotation velocity in it:
This is the classical "explanation" for the flat rotation curves, once the galactic density profile (50) is accepted by fiat. One possibility (the most commonly accepted one) is that (50) is associated to the presence of CDM distributed in the halo region r ≫ r 0 . However, an alternative justification for this density function (and perhaps also the ultimate origin of the flat rotation curves) could actually be linked to the RG running of the gravitational constant as a function of the new scale parameter (49). A hint that this could be the case is obtained by substituting the density (50) into ρ in Eq. (31) . It is easy to see that when the halo regime sets in, the resulting formula behaves precisely in the form (49). We will see below that the density (50) although it is not the real mass density of the galaxy in our framework (because we do not assume a priori the existence of CDM), it can be reinterpreted as the "renormalized" mass density, i.e. the "effective mass density" of the galaxy after considering the renormalization effects on Newton's gravitational constant.
In this sense it is this expression that must be used to determine the RG scale. Let us therefore take these features as heuristic motivations to adopt µ from (49) as a valid RG scale for the galactic regime, and let us explore the ensuing consequences within our RG framework. Upon replacing µ = H with µ = κ/r and H 0 with κ/r 0 in our running formula (33) we find
We assume ν > 0 in (53) so that G is asymptotically free, and therefore it increases with r. This kind of growing behaviour of G with the distance is reminiscent of the above mentioned possibility that quantum gravity can lead to non-perturbative effects in the far IR [44] . The running of G(r) in the surroundings of the Solar System (i.e. for r ≃ r 0 ) is very small; in practice there is no running at all, for the entire Solar System is represented by the point r = r 0 without extension. This insures that we normalize our G 0 above with the value obtained from highly accurate measurements of G performed in our neighborhood [49, 50] . Any departure from this value was never accessible to us because we never measured G (at least directly and accurately) outside the Solar System. Moreover, the formula above cannot be applied for r near r = 0. The reason is that the geometry is governed by the Schwarzschild metric (see below), and therefore there is an event horizon at some point r = 2 GM ≪ r 0 , where M is the mass of the galaxy concentrated at its center. We can only assume valid Eq. (53) well beyond this limit. Next we consider the modified Einstein-Hilbert action with variable G:
If G were constant, we would expect that the metric that solves the galactic dynamics at large r is the spherically symmetric Schwarzschild metric. For variable G, however, the situation is more complicated. One could vary the action (54) and try to find out the field equations, but it is hard to solve them exactly. Whatever the solution is, at least we know that the spherical symmetry must still be there. Therefore, in the absence of an exact result we may use the fact that G(r) is given by (53) and that ν is a small parameter.
Following the conformal symmetry methods of [54, 13] , we introduce the auxiliary action
with respect to the auxiliary metricḡ µν , and with constant G = G 0 . This action transforms into the action
under the local conformal transformation
where s = s(r) is a function of r. With this trick, let us now choose the following conformal factor:
where G(r) is given by (53) . Then the action (56) becomes the r-dependent G action (54) except for the extra derivative terms (∂s) 2 :
Differentiating (58) on both sides gives e 2s ∂s/∂r = −ν/r and hence the square derivative that appears as the extra term in (59) becomes of order (∂s) 2 ∼ ν 2 . Since, however, ν is small we can neglect this term. It follows that the solution of the field equations associated to the original action (54) with variable G is, to first order in ν,
From the arguments above,ḡ µν must be the solution of the ordinary Einstein equations with constant G 0 corresponding to the galaxy system treated as a point-like core of mass M. Thereforeḡ µν on the r.h.s. of (60) must necessarily be the standard Schwarzschild metric corresponding to constant G 0 :
From (60) we learn that the solution of the field equations for G = G(r) must be a modified (or "renormalized") Schwarzschild's metric. To first order in ν the renormalization amounts to the new line element
By equating the purely Newtonian term in (64) to the leading correction proportional to ν we immediately conclude that the "effective additional mass" of the galaxy is proportional to r in the halo region,
The total renormalized mass of the galaxy (the one which is actually observed, if one adopts the purely Newtonian approach) is thus given by the "bare mass" (i.e. the "real" or ordinary mass M made out of baryons) plus the renormalization effect computed above: M r = M + δM. It should, however, be clear that this is a huge renormalization effect, because δM is comparable to (actually larger than) M as it could be expected from the fact that, in the language of the CDM, the extra amount of matter in a typical galaxy is known to be dominant over the luminous one: roughly ten times the total baryonic matter (whether luminous or not). It means that we should have δM ≫ M, equivalently M r ≃ δM. This feature is nicely realized in our RG framework and again emphasizes the potential non-perturbative character of the gravitational effects in the IR regime, similar to the strong low-energy dynamics of QCD. To see this quantitatively, let us take r deep in the halo region, say in the range 10 − 50 Kpc., and let us assume a galaxy with a physical mass M = 10 10 M ⊙ (typically the case of the total baryonic mass of our galaxy). It is easy to estimate from (67), using the value of ν given in (65), that δM ≃ 10 M, which is in the right order of magnitude to describe a total effective mass around M r ∼ 10 11 M ⊙ without invoking the existence of CDM. Strictly speaking, there is no physical halo in the RG approach, but at some point the local RG description must break down. This should define an "effective RG halo" of the galaxy, beyond which a larger scale RG picture should take over. The linear growth of the mass given in Eq. (67) implies that the "effective density" of the galaxy in the halo region behaves as
This effective density replaces the material effects associated to the CDM matter density (50) . Comparing both densities in the region r ≫ r 0 we obtain r 2 0 ρ 0 = ν/4πG 0 . Setting ρ 0 ∼ M/r 3 0 we have M/r 0 ∼ ν/G 0 , which is indeed satisfied within order of magnitude for a similar set of inputs as before. Recall that in the cosmological case the identification of µ was performed by assuming that ρ in Eq. (31) is the total matter density, including the dominant CDM part or, equivalently, taking into account the effects of mass renormalization (which in this case should be understood at the cosmological level). This suggests that the effective density (68) is the suitable function to be substituted for ρ in Eq. (31) . In fact this leads to the scale setting formula (49) with κ ∼ √ ν. Using this relation and inserting the scale (49) on the quadratic law (16) we realize that the density (68) can be interpreted as a RG contribution to Λ(r). However, a study of the effects of a cosmological term at the galactic level goes beyond the scope of this paper. Finally, since the renormalized mass of the galaxy is proportional to the galactic radius in the halo region, we conclude that the rotation velocity (66) can be cast as
where ε = ν M/δM is a small dimensionless function of r that is proportional to ν. If we assume that the effective halo reaches up to ∼ 50 Kpc, then ν/10 ǫ ν. We see from this equation that the corrections to universality are roughly proportional to a small power of the mass of the galaxy, another observed feature. Even though our corrections to the universal behavior are numerically rather small, it is interesting to learn that our model leads to an universal law plus some mass-dependent corrections, i.e. essentially to all the main qualitative observed features. Only further refinements of the RG approach and the galaxy model may perhaps shed some light on the detailed numerical predictions concerning the value of the rotation velocity and its dispersion. Recall that we modeled the galaxy as a spherical distribution of matter while it is roughly disk-shaped, thus other geometric and dimensionful variables might enter (including the mass M of the galaxy) to refine our scale Ansatz (49). This could have some further impact in the departure of the flat rotation velocity from universality.
With ν as small as (65) the increase of G(r) from (53) remains negligible, even at cosmological distances. Therefore, it is conceivable that G(r) essentially behaves as a constant, with no further significant variation up to the horizon. At this point we recall that the motivation for (53) was, in contrast to the more formal one of (33), essentially heuristic. However, since at very large scales r is of order of the horizon, 1/H, the function G = G(r) merges asymptotically with G = G(H). In this way the original scale setting µ = H is retrieved on cosmological scales and there is a matching of the two scale settings in the asymptotic regime. Notwithstanding, we should clarify that we do not expect a sharp transition from one RG regime to the other; we rather expect the existence of some interpolating RG description that connects scales of order 100 Kpc (which characterizes the maximum expected size of the galactic haloes) with scales of order 100 Mpc (above which the large scale cosmological picture takes over). Unfortunately, it is not possible to be more quantitative here on the specific form of this transition, but we do expect it should be there. After going through this transition the running formula (53) becomes (33) and the common, and essentially constant, value of G in the two scaling laws represents the cosmological value of the gravitational constant. The only measurable effect left in this scenario would be the aforementioned correction to Newtonian celestial mechanics, which could have an impact on dark matter issues at the galactic and even at larger (cluster) scales. But we are not going to push further this possibility here nor to contemplate the possibility of other refinements. In particular, in the above considerations we have ignored the potential running effects from the cosmological constant at the galactic scale, which were assumed to be small. We close this section by noticing that with ν of the order of (65), the GUT scale potentially associated to these quantum effects would be M X ∼ 10 16 GeV rather than 10 17 GeV (see Eq. (22)), therefore closer to the lowest expected SUSY-GUT scale.
Discussion and conclusions
In this paper we have further elaborated on the formulation of the renormalization group cosmologies along the lines of [7, 21, 22, 23, 24, 32, 36] . The main aim of these RG cosmologies is to provide a fundamental answer, within QFT, to the meaning of the most basic cosmological parameters such as H 0 , G, ρ 0 M and Λ 0 ≡ ρ 0 Λ , and at the same time to try to understand their presently measured values and possible interrelations among them. In doing so we have found that the classical FLRW cosmologies become "renormalization group improved", and therefore they become slightly modified by quantum corrections associated to renormalization group equations that govern the evolution of the parameters Λ and G. This evolution behaviour, primarily a scaling one within the framework of the RG, can be inter-converted into a temporal evolution (i.e. in terms of the cosmic time or, if desired, in terms of the redshift), after an appropriate identification of the scale parameter µ of the RG. We have found that µ ∼ H(t) is a consistent identification for the class of RG cosmologies in which Λ evolves quadratically, and G evolves logarithmically, with the Hubble parameter H. And we have shown that this combination of running laws is a most promising one from the point of view of phenomenology. The scaling (and redshift) variation of these two laws is very simple and it is controlled by a single parameter, ν -cf. Eq. (18) . For ν > 0 the running law for the gravitational constant exhibits (logarithmic) asymptotic freedom, much as the strong coupling constant in QCD. For ν ≪ 1 the quadratic evolution law for Λ turns out to be very similar to the one previously found in [23, 24] and therefore it can be tested in the future experiments by SNAP [43], provided ν is not much smaller than ν 0 ∼ 10 −2 . This value is presently consistent with data from high-z SNe Ia, CMB and LSS. Furthermore, from the point of view of the cosmological constant problem, we have seen that this RG framework can shed some light to the coincidence cosmological problem (ρ 0 Λ ≃ ρ 0 M ?) because it provides a natural explanation of the puzzle of why the energy scale associated to the cosmological constant is at present the geometric mean of the Hubble parameter and the Planck mass: E Λ (t 0 ) ≃ √ M P H 0 . It is important to remark that the quadratic law (16) associated to our RG framework is not just a proportionality law Λ ∼ H 2 , but a variation law: δΛ ∼ H 2 . In contradistinction to the former, the latter actually introduces an additive term. This is because it originally comes from a RGE of the form dΛ/d ln H ∝ H 2 , which has to be integrated, see Eq. (14) .
Therefore the ensuing cosmologies are very different from the Λ ∼ H 2 ones. Only the latter have been amply discussed in the past in many places of the literature [19, 20] , including some recently raised criticisms [42, 55] . In contrast the δΛ ∼ H 2 law is, to the best of our knowledge, relatively new in the literature [7] , and its motivation within QFT gives it a credit at a much more fundamental level. Let us mention that some variation of this law has been proposed very recently (on pure phenomenological grounds) in [42] , in the form dΛ/da ∝ dR/da, where R is the curvature scalar. However, since µ = R 1/2 is, as mentioned above (and in [7] ), a covariant generalization of µ = H, it is essentially the same law and so the conclusions are similar. Therefore the RG cosmologies associated to δΛ ∼ H 2 can also be formulated covariantly, without committing to the particular FLRW metric. But from the practical point of view (and also to better assess its physical meaning and potential applications [24, 33] ) it is better to formulate this law making use of the Hubble parameter, instead of curvature. The last part of our paper is more speculative. We have tantalized the possibility of extending the RG formalism to local cosmological domains such as the galactic level. After arguing that the local RG scale could naturally be µ ∼ 1/r, we have solved the modified Schwarzschild metric in the limit ν ≪ 1 and derived a RG correction to Kepler's third law of celestial mechanics. We have hypothesized that this quantum correction could furnish an explanation for the flat rotation curves of the galaxies, provided ν ∼ 10 −6 . Obviously, this possibility would exclude measurable effects on the cosmology side, where a larger ν is needed, but it might hit square on one of the biggest astrophysical conundrums of the last thirty years. This result is curious enough and rather intriguing, and we have found interesting to include it as an additional potential application of our RG framework. All in all, we deem this last part of our work more speculative than the rest, because we have had to descend from the cosmological level to the (more complicated) local domain where cosmology is entangled with astrophysics, and other factors may come into play. Thus, more detailed theoretical considerations are needed to formally establish the RG effects at the galactic level, which could be modified by other factors such as the modeling of the galaxy and the details of the RG framework. For this reason, even if ν is of order of ν 0 , and therefore much larger than (65), the corresponding RG predictions at the galactic level are not necessary in contradiction with the experimental situation. The actual effects could be much smaller due to, say, the need to introduce some significant modification in the Ansatz (49), as noted in the last section. Finally, even if accepting that ν is small enough for the RG to be able to provide some explanation of the flat rotation curves, it does not preclude the possibility that galactic dark matter is present in the haloes of the galaxies. It only shows that other, even more subtle, effects could creep in. Whether or not these effects are directly related to the RG must be further investigated, but already at the pure phenomenological level the possibility that a logarithmic law of the type (53) could be behind the flat rotation curves looks rather enticing. Obviously, even if it is not the sole explanation, it may help to reduce the total amount of dark matter needed to account for the flat rotation curves and also to explain some features related to the deviation from universality of the flat velocities. In any case it is clear that further experimental work will also be necessary to decide on the ultimate origin of the rotation curves of the galaxies [56] . In general, even if letting aside the possibility of these local effects, our cosmological RG framework provides a sound alternative to explain the nature of the cosmological parameters and their potential connection to quantum field theory. It also offers a link between the low-energy physics characteristic of large scale Cosmology with the high-energy interactions of Particle Physics. Last, but not least, it constitutes a ready testable framework for the next generation of cosmological experiments.
